Weak Weyl representations of the canonical commutation relation (CCR) with one degree of freedom are considered in relation to the theory of time operator in quantum mechanics. It is proven that there exists a general structure through which a weak Weyl representation can be constructed from a given weak Weyl representation. As a corollary, it is shown that a Weyl representation of the CCR can be constructed from a weak Weyl representation which satisfies some additional property. Some examples are given.
Introduction
Let H be a self-adjoint operator on a complex Hilbert space H and T be a symmetric operator on H. We say that the pair (T, H) obeys the weak Weyl relation if, for all t ∈ R, e −itH D(T ) ⊂ D(T ) (D(T ) denotes the domain of T ) and T e −itH ψ = e −itH (T + t)ψ, ∀ψ ∈ D(T ).
(1.1)
From the representation theoretic point of view, the pair (T, H) is called a weak Weyl representation of the canonical commutation relation (CCR) with one degree of freedom [3] . This comes from the following facts: (i) every pair (T, H) obeying the weak Weyl relation satisfies the CCR:
i.e., (T, H) is a representation of the CCR with one degree of freedom, but the converse is not true ; (ii) every weak Weyl representation (T, H) with T self-adjoint is a Weyl representation of the CCR, i.e., it satisfies the Weyl relation e itT e isH = e −ist e isH e itT , s, t ∈ R (1.2)
Detailed analyses of weak Weyl representations were first given by Schmüdgen [9, 10] (in the notation there, T = P, H = −Q). Then Miyamoto [6] used the weak Weyl relation to develop a theory of time operator in quantum mechanics. In the context where H is the Hamiltonian of a quantum system, the operator T is called a time operator with respect to (w.r.t.) H [6] . Motivated by this work, one of the present authors extended the framework of the theory of time operator to a more general one, introducing a notion of generalized time operators [3] . We use the term "time operator" in the general context too. Along this line of research, spectral analysis for time operators has been made in [4] .
This paper is a continuation of the previous work [3, 4] . The main purpose of it is to point out that there exists a remarkable structure through which a Weyl representation can be constructed from a weak Weyl representation which satisfies some additional property. This structure, which may have physical significance too, makes it possible, for example, to identify the spectrum σ(|H|) of |H| (the absolute value of H) as σ(|H|) = [0, ∞) under some condition.
The present paper is organized as follows. In Section 2, we state the fundamental result of the present paper as Theorem 2.4, which tells us that every weak Weyl representation of the CCR produces another weak Weyl representation of the CCR, and prove three corollaries of it, one of which (Corollary 2.6) is concerned with the construction of a Weyl representation of the CCR from a weak Weyl representation of the CCR as mentioned in the preceding paragraph. Section 3 is devoted to proof of Theorem 2.4. In the last section, we discuss some examples illustrating the abstract general results established in Section 2.
Main Results
Before stating the main results of this paper, we first recall some known facts.
The following fact is an interesting property to be kept in mind on weak Weyl representations: 
For a closable linear operator C on a Hilbert space, we denote its closure by C. Let (T, H) be a weak Weyl representation of the CCR on the Hilbert space H. Then it is easy to see that (T , H) also is a weak Weyl representation of the CCR. Hence, without loss of generality, one can assume that T is closed. In what follows we take this assumption, unless otherwise stated. Therefore the linear operator
on H is a symmetric operator.
The following result also is known: This result implies, in particular, that the point spectrum σ p (H) (the set of all the eigenvalues of H) is empty. In particular, 0 is not an eigenvalue of H. Hence, via the functional calculus, we can define a self-adjoint operator L := log |H|.
(2.
3)
The first of the main results of this paper is as follows:
and
This theorem tells us that the pair (D, L) is a weak Weyl representation of the CCR. Therefore Theorem 2.4 reveals a general structure or mechanism through which every weak Weyl representation produces another weak Weyl representation. Theorem 2.4 yields some corollaries.
Corollary 2.5
Suppose that |H| ≥ c or |H| ≤ c for some constant c > 0. Then D is not essentially self-adjoint. Moreover the following (i)-(iii) hold:
The next corollary is concerned with a construction of a Weyl representation of the CCR from a weak Weyl representation of the CCR: Corollary 2.6 Suppose that D is essentially self-adjoint. Then e isD e itL = e −ist e itL e isD .
(2.5)
Namely (D, L) is a Weyl representation of the CCR.
Proof. By (2.4), we have e itL De −itL = D + t (∀t ∈ R), which, together with the functional calculus for the self-adjoint operator D, implies (2.5).
Remark 2.1
In view of Corollary 2.6, it is very important and interesting to find an additional condition for the weak Weyl representation (T, H) of the CCR under which D is essentially self-adjoint. But, in this paper, we do not discuss this problem.
Let q and p be the operators on the Hilbert space L 2 (R) defined by
where M x is the multiplication operator by the variable x ∈ R and D x is the generalized differential operator in x. It is well known that q and p are self-adjoint and (q, p) is a Weyl representation of the CCR. The representation (q, p) of the CCR is called the Schrödinger representation of the CCR.
Corollary 2.7
Let H be separable. Suppose that D is essentially self-adjoint. Then there exist mutually orthogonal closed subspaces H n of H such that the following (i)-(iii) hold:
(ii) For each n and all t ∈ R, e itD : H n → H n , e itL : H n → H n , (iii) For each n, there exists a unitary operator U n : H n → L 2 (R) such that
In particular
(2.8)
Proof. By Corollary 2.6, (D, L) is a Weyl representation of the CCR. Since H is separable by the present assumption, the first half of Corollary 2.7 follows from the von Neumann uniqueness theorem ( [7] , [8, Theorem VIII.14] ). Hence we have
By the spectral mapping theorem, we have (2.7). i.e., D S is a self-adjoint operator such that
For an open set Ω of R, we denote by C ∞ 0 (Ω) the set of infinitely differentiable functions on Ω with compact support in Ω.
Since C ∞ 0 (R) ⊂ D(D S ) and each u(θ) leaves C ∞ 0 (R) invariant, it follows from a general theorem (e.g., [8, Theorem VIII.10]) that D S is essentially self-adjoint on C ∞ 0 (R). Thus the present example is a trivial illustration of Corollary 2.7.
Proof of Theorem 2.4
We recall an important formula: T
We now go into proof of Theorem 2.4. For t ∈ R and ε > 0, we define the function f ε on R by
It is easy to see that f ε is a continuously differentiable bounded function on R and f ′ ε is bounded on R with
Hence we can apply Lemma 3.1 to obtain that 
Hence T f ε (H)ψ ∈ D(H) and
Hence lim 7, (A, B) is unitarily equivalent to a direct sum of the Schrödinger representation (q, p).
It may be instructive to find explicitly the unitary operator implementing the equivalence. Indeed this is possible as done below (cf. [2, Appendix B] ).
We denote by F the Fourier transform on L 2 (R):
and introduce E :
Then E is unitary. Using E and F, we define an operator M :
Obviously M is unitary. Explicitly we have
Hence M is a Mellin transform. It is not so difficult to show that
For every constant m > 0, the pair (−p + ,λ + + m) is obviously a weak Weyl representation. In this case we haveλ + + m ≥ m > 0. Hence, by Corollary 2.5, the operator
is not essentially self-adjoint. This is an interesting phenomenon too (one can prove this fact directly by computing the deficiency indices of A m ). Moreover we can show that σ(A m ) = Π + (the proof is similar to that of [4, Theorem 4.2] , but, in the present case, it is very easy).
The free Hamiltonian of a non-relativistic quantum particle in R and the Aharonov-Bohm time operator
Let (q, p) be the Schrödinger representation of the CCR with one degree of freedom as in (2.6) . For a constant m > 0, we define
The operator H 0 is called the one-dimensional free Hamiltonian of a non-relativistic quantum particle with mass m. It is well known that H 0 is a non-negative self-adjoint operator on L 2 (R) and its spectrum is purely absolutely continuous with σ(H 0 ) = [0, ∞).
Let
It is easy to see that T AB is a symmetric operator on L 2 (R). Moreover, (T AB , H 0 ) is a weak Weyl representation of the CCR [6] . The operator T AB is called the Aharonov-Bohm time operator [1] . By Lemma 2.1, T AB is not essentially self-adjoint. It is proven in [4] that σ(T AB ) = Π + .
In the present example, we have L = P 0 := log H 0 ,
where D S is given by (2.10). Therefore we can apply Corollary 2.7 to conclude that (Q 0 , P 0 ) is unitarily equivalent to a direct sum of the Schrödinger representation (q, p) of the CCR. In fact one can prove explicitly that (Q 0 , P 0 ) is unitarily equivalent to a two direct sum of the Schrödinger representation (q, p) of the CCR. This is essentially done in [2, Appendix B]. Hence we omit the details. Hence the following results hold:
A relativistic free Hamiltonian and a time operator of it
(i) Consider the case m = 0. Then Q(0) is essentially self-adjoint. Hence (Q(0), P (0)) is unitarily equivalent to a direct sum of the Schrödinger representation (q, p).
(ii) If m > 0, then Q(m) is not essentially self-adjoint.
In case (i), we can show, as in the case of the preceding example, that (Q(0), P (0)) is unitarily equivalent to a two direct sum of the Schrödinger representation (q, p).
In case (ii), we can prove that σ(Q(m)) = Π + (the proof is similar to that of [4, Theorem 4.3] ). 
